Let P(G) denote the chromatic polynomial of a graph G. Two graphs G and H are chromatically equivalent, written G ~ H, if P(G) = P(H). Let ¢ denote the family of all generalized polygon trees with three interior regions. Xu (1994) showed that ¢ is a union of chromatic equivalence classes under the equivalence relation ',-/. In this paper, we determine infinitely many chromatic equivalence classes in ~ under ',-~'. As a byproduct, we obtain a family of chromatically unique graphs established by Peng (1995) .
I. Introduction
The graphs that we consider are finite, undirected and simple. Let P(G) denote the chromatic polynomial of a graph G. Two graphs G and H are said to be chromatically equivalent, and we write G ~ H, if P(G) = P(H). Trivially, the relation '~' is an equivalence relation on the class of graphs. A graph G is chromatically unique if for any graph H satisfying H ~ G, we have H ~ G; that is, (G) ={G} (up to isomorphism), where (G) denotes the chromatic equivalence class determined by G under ',-~'.
A path of length k is denoted by Pk, and a cycle of length k by Ck. A path in G is called a simple path if the degree in G of each interior vertex is two. A generalized polygon tree is a graph defined recursively as follows. A cycle Cp, p >~ 3, is a generalized polygon tree. Next, suppose H is a generalized polygon tree containing a simple path Pk, where k/> 1. If G is a graph obtained from the union of H and a cycle Cr, where r > k, by identifying Pk in H with a path of length k in Cr, then G is also a generalized polygon tree. In this paper, we shall study the chromatic equivalence of graphs in the family ¢ of generalized polygon trees with three interior regions.
a~(a,b; c,d): Xu et al. [11] showed that cg0(a, b; c, d) is a chromatic equivalence class if and only if { a, b, c, d } ¢ { 2, k, k + 1, k + 2 } for any integer k/> 2. Recently, Peng [5] a,b; c,d) ) for any r >~ 2. However, this conjecture turns out to be false because (G~(4,2; 3,2)) = qf3(4,2; 3,2)tA {G°(5,3; 3,2)}.
In general, Chen and Ouyang [3] showed that Cgr(a, b; 3, 2) is a chromatic equivalence class if and only if (a, b, r) ¢ (k, k + 2, k + 1 ) or (k + 1, k + 3, k -1 ), for some k ~> 2. This result naturally leads one to ask what are the necessary and sufficient conditions for cg~ (a,b; c,d ) (where a+b and c+d ~ 5) to be a chromatic equivalence class. In this paper, we present some sufficient conditions for the family of generalized polygon trees ~(a,b; c,d) to be a chromatic equivalence class.
In the remainder of this paper, we always assume that r/> 1. For terms used but not defined here, the reader is referred to Read [7] , and Chartrand and Lesniak [1] .
Basic results
In this section, we state some known results and prove some preliminary lemmas which are useful in establishing our main theorems in the next two sections.
We begin with the following result, due to Whitney [9] (see also [7] 
P(G1) P(G2)
The following theorem lists some well-known necessary conditions for chromatic equivalence. We denote the girth of a graph G by g (G) . (The girth of G is the length of a shortest cycle of G.) 
Theorem 4 (Xu [10]). Let G and H be two chromatically equivalent graphs. If G is a generalized polygon tree, then H is also a generalized polygon tree, and c( G)= c(H).
Let H be a nonempty graph with two nonadjacent vertices u and v. We denote by H* the graph obtained from H by identifying the vertices u and v of H. Let G1 (respectively, G2) be the graph obtained from H tAPs by identifying the end vertices of the path Ps with the vertices u and v (respectively, with any two adjacent vertices) of H. Then the calculation of P(G1 ) can be shortened by using the following formula [6] :
We shall use the next result to prove Lemma 2.
In the remainder of this section, we shall prove two preliminary lemmas which are important for us in establishing many chromatic equivalence classes in ~. 
, where r=s + t.
Proof. Since s' , ,,
G t, (a , b • e t, d') ~ G~(a, b ; c, d), we have a ~ + b' + c' + d' + s ~ + t' = S t I I IE(Gt,(a,b ; c',d'))l = IE(GI(a,b; c,d))l =a + b + c + d + s + t. But a' + b' + c' + d ~ = a + b + c + d.
Thus we have s' + t' = s + t. By Lemma 1 and Eq. (1), we have

P(G](a, b ; c, d)) = P(X) + (-1 )s+tp(G°(a, b; c, d))
and Then by using Eq. (1), we have
Chromatic equivalence classes
Suppose that H is a graph such that P(H)= P (Gg(a,b; c,d) ). Then by Theorem 4, we know that H is also a generalized polygon tree with three interior regions and intercourse number two Case 1: r:r t.
In this case, we have Qz(G) = Q2(H), where
Q2(G) = (x + 1 )(x a + x b + x c + x d) -x r+a+b -x r+c+d _X a+c __ X a+d __ X b+c _ X b+d,
Q2(H) : (x + 1 )(x a' --~ x b' -q-x c' + x d' ) -x r+a'+b' _Xr+Ct +d I _ xat +c ~ __ xa' +d ~ _ xbt +c ~ __ X if+dr, a+b+c+d=a I +b t +c I +d,a >lb >ld,c >~d,r + 3 <~d,
a/>1b'>~d', and c'>td'. We conclude this paper with the following conjecture which is true for r = 1 (see [5] ).
Conjecture. The family of graphs cgr(a, b; c, d) is a chromatic equivalence class whenever a, b, c, d are each at least four.
